Summary: Metric information on similarities and distances in fold space is essential for quantitative work in structural bioinformatics and structural biology. Here we derive a suitable metric for protein structures from the fundamental axioms of similarity. Derivation of the metric also clarifies the relationship between the interrelated concepts of distance and similarity. Contact: sippl@came.sbg.ac.at
where L a is the length of the query a. These properties are axioms in the mathematical sense. They express the essential properties of the notion of similarity in an exact form. Hence, the self similarity S a,a equals sequence length, the similarity S a,b is positive or zero and is symmetric in a and b. The remaining inequality expresses a simple but nevertheless fundamental property of similarity. Whenever the sum of the similarities S a,b and S a,c exceeds the length of a, then b and c necessarily share similarity, where the similarity S b,c is bounded below by S a,b þ S a,c ÀL a . We call this relationship the capacity inequality. These basic properties need to be satisfied by any measure that is used to quantify the notion of similarity. From the four axioms of similarity other properties may be deduced.
For example, we may define the distance between the folds a and b as,
From this definition and the axioms of S a,b we immediately obtain
The last relationship is the triangle inequality which is a consequence of the capacity inequality, i.e. insertion yields,
We have derived the distance as a function of similarity but we may invert our reasoning and derive the properties of similarity from the familiar axioms of distances, where we define similarity as
This demonstrates that distance D a,b and similarity S a,b are just two sides of the same coin. Given the similarity, we immediately get the distance and vice versa. Measurement of either quantity yields complete information on distance and similarity at once. To continue it is necessary to clearly distinguish the inherent properties of distances and similarities from the actual measurement of such quantities. Distances measured by a yardstick do not necessarily satisfy the triangle inequality, since the actual values depend on the reliability and precision of the yardstick used as well as on the skills of the operator. The same *To whom correspondence should be addressed.
considerations apply when we measure distances or similarities between folds using structure alignment programs.
The maximum number of equivalent residues, i.e. the similarity S a,b , obtained from structure alignment is a convenient parameter for the description of the extent of structure similarity, provided the programs used ensure that the rms error of superposition stays below reasonable bounds (Feng and Sippl, 1996; Lackner et al., 1999; Sippl et al., 2001) . The exact value of the rms error and the respective threshold are of secondary importance. Moreover, the number of equivalent residues is a robust estimator of similarity in the sense that for a given pair of folds suitable structure alignment programs are expected to report comparable values. In this way, the complementary measures of distance and similarity we have just derived provide a convenient, intuitive and general metric of similarity amongst protein structures which is applicable across a wide range of structure alignment programs.
As already noted, the precision and reliability of distances and similarities depends on the structure comparison programs used. Alignment programs may yield erroneous and inconsistent results and they may fail to detect existing relationships. In such cases, a metric is an indispensable guide since violations of the capacity or triangle inequalities reveal mutual inconsistencies in the measurements which can be identified and corrected. The metric enforces consistency.
A particular difficulty in the classification of protein structures originates from the diversity of sequence lengths. The structure of a small protein a may be contained in a larger protein b, a relationship which is inherently asymmetric. In contrast, the symmetry of distance and similarity is demanded by the axioms and hence, by definition, these quantities are unable to deal with asymmetric relationships. Moreover, there are important constraints which follow from the axioms. In particular, the distance of two structures is bounded below by
Hence, two proteins can have a distance of zero only if they have the same size. On the other hand, similarity has an upper bound which is the length of the smaller protein,
If a small protein is completely contained in a much larger protein, then the distance is necessarily large, although at the same time the similarity may attain its maximum. At first sight the combination of these properties may seem counterintuitive, but they are straightforward consequences of the axioms. Since variation in size and asymmetry of relationships cannot be captured by distance or similarity alone we need additional concepts. To cope with the variation in protein size we define the relative similarity,
and the relative distance,
where we note that d a;b ¼ 1 À s a;b ; and 0 s a,b 1. Again the relationship emphasizes the close kinship of similarity and distance. But normalization has a price since, in general, relative distance and relative similarity do not satisfy the capacity and triangle inequalities. Nevertheless, as long as we are aware of possible violations of the axioms we may use the normalized quantities to our advantage.
Relative similarity and relative distance are still symmetric in a and b. We capture the asymmetric portion of the relationship by defining the relative cover of a with respect to b as Thus, distance, similarity, and cover provide a small set of parameters suitable for a quantitative description of the often complex and intricate pairwise structural relationships encountered in fold space . Moreover, these parameters form a proper basis for a clear and undisturbed communication within the structural biology arena. For example, the question frequently arises whether or not a newly determined structure or perhaps a newly designed protein, a, corresponds to a novel fold. Declarations like 'a is a novel fold' are a source of controversy since they represent opinions as opposed to scientific facts. The maximum relative cover c a,b , where b is the most similar structure found in the database of known protein folds, gives a precise quantitative answer, leaving no room for confusion or controversy.
We finally note that the metric relationships derived here are quite general. A metric is a theoretical framework with a certain logical structure. The essential link between a metric and real objects is the discovery of certain quantifiable and measurable relationships among these objects which behave like distances or similarities. In the present context, the link is provided by equating the theoretical structure of similarity on the one hand with the number of equivalent residue pairs among protein structures on the other. The proper yardsticks are effective and accurate structure alignment programs like TopMatch (Sippl and Wiederstein, 2008) .
